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Continuum mechanicsIn polycrystals, the discontinuity of lattice rotation occurring across symmetric tilt boundaries is accom-
modated by the periodic arrangement of atoms in structural units. A crossover between this atomistic
description and a continuous representation of tilt boundaries is carried out by designing periodic arrays
of appropriately chosen smooth disclination dipoles. A comprehensive description of the boundary struc-
ture in terms of elastic strain, curvature and energy ﬁelds is then derived from a continuous theory of
dislocation and disclination density ﬁelds, by allowing the initial distributions to relax in their own
stress/couple stress ﬁelds. The resulting ﬁelds are obtained at nanoscale from ﬁnite element approxima-
tions of the theory. They compare remarkably well with predictions from molecular statics and experi-
mental data. Beyond this description of grain boundaries as continua, the theory naturally provides a
basis for coarse-grained spatio-temporal continuous descriptions of polycrystals.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
In crystalline solids such as ice, rocks and metallic materials,
grain boundaries are thin sheets of material where the lattice
rotates from a crystal orientation to the next one within a few
nanometers. Because they treat these layers as inﬁnitely thin inter-
faces, polycrystalline simulations based on conventional contin-
uum mechanics fail to account for their structure and energy.
Conversely, atomistic simulations provide detailed descriptions of
the structure of grain boundaries and good estimates of their
energy, but coarse-graining to polycrystalline samples remains
elusive. In this paper, our intent is to show that a nonlocal contin-
uum mechanics model based on crystal defect ﬁelds (disclinations
and dislocations) deﬁned at interatomic scale can consistently ac-
count for the grain boundary structure and energy, while retaining
the potential for being an effective tool in designing scale transi-
tions from atomistic conﬁgurations to polycrystals.
Our modeling paradigm, motivated by the remarkable achieve-
ments of the Peierls model in elucidating basic dislocation physics
(Peierls, 1940), is to account for lattice incompatibility by focusing
on densities of crystal defects (dislocations and disclinations)
deﬁned continuously at interatomic scale, rather than the atoms
themselves. Several attempts in this direction have already been
developed, though apparently not implemented numerically (see
the review paper McDowell (2008) and references therein). By
similarly specifying continuously the displacement and rotation
vector ﬁelds below interatomic distances, the theory considersthe material as capable of transmitting stresses and couple stresses
at this scale. Because it accounts for the lattice incompatibility due
to crystal defects, the theory is able to describe the associated
internal stress and couple-stress ﬁelds. As recently shown by
Upadhyay et al. (2013), non-locality of the elastic response and
length scales characteristic of this behavior hinge upon the break-
ing of lattice symmetry occurring in the defected areas of the lat-
tice. Plasticity derives from the transport of dislocation and
disclination densities through the lattice. The transport equations
supply an undisputable kinematic structure for the spatio-tempo-
ral dynamics of the crystal defect densities. Using thermodynami-
cal guidance, appropriate constitutive relationships for plasticity
can be provided in terms of driving forces vs. dislocation/disclina-
tion velocities to substantiate this dynamical structure. Thus com-
pleted, the theory allows formulating a boundary value problem
for the defects densities and displacement ﬁelds, with standard
boundary conditions on the displacement and traction vector ﬁelds
(Fressengeas et al., 2011). In the present work, approximate solu-
tions to this problem in small bi-crystalline samples are generated
by using ﬁnite element methods similar to those previously em-
ployed in the pure dislocation dynamics case (Roy and Acharya,
2005; Varadhan et al., 2006).
In order to show the ability of the above framework at recover-
ing grain boundary structure and energy, symmetrical tilt bound-
aries are chosen for simplicity. The paper then proceeds in two
steps. Firstly, disclination density distributions are arbitrarily
chosen to model the boundaries in a manner such that the elastic
curvature incompatibility is similar to that obtained from their
atomistic representation. Taupin et al. (2013) suggested that
periodic arrays of smooth wedge disclination dipoles deﬁned at
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units composing the symmetrical tilt boundaries in these models.
This method will be followed in the present work. Secondly, the as-
sumed defect distributions are allowed to relax and re-arrange by
transport in their own self-stress and couple stress ﬁelds, until
their elastic energy stabilizes and a self-organized structure
emerges. The non-locality of the elastic response in the core region
appears to be essential in this process. Thus, it is thoroughly ana-
lyzed in this paper, within the constitutive framework recently
set out in Upadhyay et al. (2013), but in a bi-dimensional setting
adequate for the study of symmetrical tilt boundaries.
The paper is organized as follows. Notations are settled in
Section 2. The elasto-plastic theory of defects introduced in
Fressengeas et al. (2011) and a bi-dimensional model for symmet-
rical tilt boundaries are brieﬂy recalled in Section 3. The nonlocal
elastic constitutive laws valid in the core of the boundaries are
derived in Section 4. The construction of tilt boundaries with
wedge disclination densities and comparison of the results with
molecular statics predictions and experiments are shown in
Section 5. Section 6 discusses the continuous nature of the present
results, and provides hints on how coarse-graining to polycrystal-
line samples of the present nanoscale theory could be constructed.
Conclusions follow.
2. Notations
A bold symbol denotes a tensor. When there may be ambiguity,
an arrow is superposed to represent a vector: ~V. The symmetric
part of tensor A is denoted Asym. Its skew-symmetric part is Askew
and its deviatoric part is Adev . The tensor A  B, with rectangular
Cartesian components AikBkj, results from the dot product of ten-
sors A and B, and A B is their tensorial product, with components
AijBkl. A: represents the trace inner product of the two second order
tensors A : B ¼ AijBij, in rectangular Cartesian components, or the
product of a higher order tensor with a second order tensor, e.g.,
ðA : BÞij ¼ AijklBkl. The cross product of a second-order tensor A
and a vector V, the div and curl operations for second-order ten-
sors are deﬁned row by row, in analogy with the vectorial case.
For any base vector ei of the reference frame:
ðA VÞt  ei ¼ ðAt  eiÞ  V; ð1Þ
ðdiv AÞt  ei ¼ divðAt  eiÞ; ð2Þ
ðcurl AÞt  ei ¼ curlðAt  eiÞ: ð3Þ
In rectangular Cartesian components:
ðA VÞij ¼ ejklAikVl; ð4Þ
ðdiv AÞi ¼ Aij;j; ð5Þ
ðcurl AÞij ¼ ejklAil;k: ð6Þ
where ejkl is a component of the third-order alternating Levi–Civita
tensor X. A vector ~A is associated with tensor A by using its trace
inner product with tensor X:
ð~AÞk ¼ 
1
2
ðA : XÞk ¼ 
1
2
eijkAij: ð7Þ
In the component representation, the spatial derivative with respect
to a Cartesian coordinate is indicated by a comma followed by the
component index. A superposed dot represents a material time
derivative.
3. Continuum mechanics of crystal defects
In a continuum mechanics framework, the material displace-
ment ﬁeld vector u is deﬁned continuously in the absence offracture, at any point of an elasto-plastic body, possibly below
interatomic distances. The total distortion tensor, deﬁned as the
gradient of the displacement U ¼ grad u, is a curl-free compatible
tensor:
curl U ¼ 0: ð8Þ
This equation is sufﬁcient to assure the existence of a single-valued
continuous displacement ﬁeld u, solution to the equation
U ¼ grad u, up to a constant translation. In a small deformation set-
ting, the strain tensor  is the symmetric part of the distortion U,
the rotation tensor x is its skew-symmetric part and the associated
rotation vector ~x reads:
~x ¼ 1
2
x : X ¼ 1
2
curlu: ð9Þ
Using  and ~x, Eq. (8) becomes:
curl þ divð~xÞI gradt~x ¼ 0; ð10Þ
where I is the identity tensor. The curvature tensor j ¼ grad~x is
also a compatible curl-free tensor. It is decomposed into an elastic
component, je, and a plastic component, jp, such that:
je ¼ grad ~xe; ð11Þ
jp ¼ grad ~xp; ð12Þ
j ¼ grad~x ¼ je þ jp: ð13Þ
As remarked by deWit (1970), (je;jp) may not be compatible ten-
sors, if the possibility of multi-valued elastic and plastic rotations
~xe and ~xp, i:e:, a discontinuity of the elastic and plastic rotations
over some surface, is acknowledged. In such cases, a non-zero
tensor h such that
h ¼ curljp ¼ curlje ð14Þ
can be deﬁned. h is the disclination density tensor. It is a continuous
tensorial rendition of the elastic/plastic rotation discontinuity. The
latter is also measured by the Frank vector X; i:e:, the closure defect
of a circuit C, obtained by integrating the incompatible elastic
curvatures along C
X ¼
Z
C
je  dr ¼
Z
S
h  ndS; ð15Þ
where S is the surface of unit normal n delimited by the circuit C. As
the rotation vectors ð ~xe; ~xpÞ are multi-valued, the elastic and
plastic distortion tensors Ue and Up are undeﬁned. Substituting
the elastic and plastic curvatures (je;jp) for (grad ~xe;grad ~xp)
allows splitting Eq. (10) into elastic and plastic components
curle ¼ þaþ jte  trðjeÞI; ð16Þ
curlp ¼ aþ jtp  trðjpÞI: ð17Þ
Eqs. (16) and (17) relate the elastic/plastic strains associated with
the presence of Nye’s dislocation density tensor a in the concurrent
presence of incompatible elastic/plastic curvatures. A point-wise
measure of the translation discontinuity due to the presence of dis-
locations is the Burgers vector. It contains a possible contribution
from disclinations and reads:
b ¼
Z
C
ðe  ðjte  rÞ
tÞ  dr ¼
Z
S
ða ðh rÞtÞ  ndS ð18Þ
Note that Eqs. (14) and (16) may be utilized to estimate the
disclination and Nye’s dislocation density tensors from orientation
maps provided by EBSD experiments, respectively (Beausir and
Fressengeas, 2013). In the absence of body forces, the momentum
and moment of momentum equations are:
divT ¼ 0; ð19Þ
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where the stress tensor T is generally non-symmetric and M is the
couple stress tensor. By taking the curl of Eq. (20) and eliminating
the skew-symmetric part of the stress tensor from Eq. (19) and
the latter, the above system (19) and (20) results in a higher order
equilibrium equation (Mindlin and Tiersten, 1962; Taupin et al.,
2013):
divTsym þ 1
2
curl divMdev ¼ 0; ð21Þ
between the symmetrical part of the stress tensor, Tsym and the
deviatoric part of the couple stress tensor, Mdev . The hydrostatic
part of the couple stress tensor M is readily eliminated, due to the
divergence-free character of the rotation vector (9). Note in addition
that only Tsym and Mdevcan be constitutively speciﬁed in terms of
the elastic strain and curvature tensors (Upadhyay et al., 2013).
Once constitutive relationships are chosen for elasticity in the fol-
lowing form:
Tsym ¼ C : e þ D : je; ð22Þ
Mdev ¼ A : je þ B : e ð23Þ
and below in Eqs. (24) and (25) for plasticity, the unknown vector
ﬁeld in Eq. (21) is the material displacement u. The A and (B;D) elas-
ticity tensors have respectively the dimension of stress length2 and
stress length. They involve characteristic length scales conferring a
nonlocal character to the elastic behavior in the defected regions of
the lattice. In these areas, where the crystal structure is heavilymod-
iﬁed, strong heterogeneities of the elastic strain and curvature ﬁelds
induce the couplings reﬂected in Eqs. (22) and (23) further discussed
in Section 4.
In the presence of stress and couple-stress ﬁelds, the dislocation
and disclination densities may be set into motion with respective
velocities Va and Vh. The Peach–Kohler-type driving forces Fa and
Fh acting on these defects ensure positive power dissipation
(Fressengeas et al., 2011). Here, linear viscous drag is assumed
and the dislocation and disclination velocities read:
Va ¼ 1Ba Fa ¼
1
Ba
X : Tsym  a; ð24Þ
Vh ¼ 1Bh Fh ¼
1
Bh
X : Mdev;t  h; ð25Þ
where Ba and Bh are positive drag coefﬁcients. The motion of discli-
nations and dislocations produces plastic curvature and strain rate
respectively:
_jp ¼ h Vh; ð26Þ
_p ¼ 12 ða Va þ ða VaÞ
tÞ: ð27Þ
In turn, the incompatible parts of _jp and _p feed the evolution of the
disclination and dislocation densities through the transport
equations
_h ¼ curl _jp; ð28Þ
_a ¼ curl _p þ _jtp  trð _jpÞI ¼ curl _p þ sh: ð29Þ
A remarkable feature of the dislocation transport equation (29) is
the presence of a source/sink term sh ¼ _jtp  trð _jpÞI arising from
the mobility of disclinations. Thus, a wake of nucleated or annihi-
lated dislocations accompanies the motion of disclinations.
We now brieﬂy recall the two-dimensional edge-wedge model
(Fressengeas et al., 2011; Taupin et al., 2013) used in the forthcom-
ing simulations. We assume distributions of wedge disclinations ina plain strain setting. The disclination tensor is taken to be:
h ¼ h33e3  e3 in the orthonormal reference frame ðe1; e2; e3Þ, all
other components being zero. The continuity condition divh ¼ 0
is h33;3 ¼ 0, implying that h33 depends only on the coordinates
ðx1; x2Þ. Eq. (14) reduces to:
h33 ¼ jp31;2  jp32;1 ¼ je32;1  je31;2: ð30Þ
Hence the only relevant elastic and plastic curvatures are:
ðje31;je32Þ and ðjp31;jp32Þ. The disclination transport equation
(28) contracts to:
_h33 ¼ _jp31;2  _jp32;1: ð31Þ
From Eq. (26), the non-zero plastic curvature rates are:
_jp31 ¼ h33Vh2; ð32Þ
_jp32 ¼ þh33Vh1: ð33Þ
Using the constitutive relation (25) for the disclination velocities
provides their relationship with the couple-stresses:
Vh1 ¼ þ
1
Bh
M32h33; ð34Þ
Vh2 ¼ 
1
Bh
M31h33: ð35Þ
Since the trace of the plastic curvature rate tensor is zero, the
source sh in the dislocation transport equation (29) generates only
edge dislocations densities ða13;a23Þ through the disclination
mobilities _jp31 and _j
p
32, respectively. Thus, if all other dislocation
densities are initially absent, the dislocation distribution involves
only a13 and a23 edge densities. Using Eq. (27), it is seen that
the motion of these dislocations produces the plastic strain rate
components:
_p11 ¼ a13Va2; ð36Þ
_p12 ¼ _p21 ¼
1
2
ða13Va1  a23Va2Þ; ð37Þ
_p22 ¼ þa23Va1: ð38Þ
The above relations suggest that out-of-plane motion of the edge
dislocations ða13;a23Þ is involved in the extension rates ð _p11; _p22Þ,
whereas their glide is responsible for _p12. Consistently, the disloca-
tion transport equation (29) reduces to:
_a13 ¼ _p11;2  _p12;1 þ _jp31; ð39Þ
_a23 ¼ _p21;2  _p22;1 þ _jp32: ð40Þ
The symmetric ‘‘Peach-Kohler’’ constitutive relationship (24)
provides the dislocation velocities in terms of the stress tensor,
for both the out-of-plane motion of dislocations (e.g. climb or
cross-slip):
Va1 ¼ þ
1
Ba
T22a23; ð41Þ
Va2 ¼ 
1
Ba
T11a13 ð42Þ
and their glide:
Va1 ¼ þ
1
2Ba
ðT12 þ T21Þa13; ð43Þ
Va2 ¼ 
1
2Ba
ðT12 þ T21Þa23: ð44Þ
Table 1
Numerical constants used in the model.
b C1212 C1111 C1122 b2B
0:286 nm 27 GPa 175 GPa 125 GPa 104 Pa.s
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tion drag: Bh ¼ Ba ¼ B. The stress and couple-stress components
relevant to the present problem are ðT11; T12; T21; T22Þ and
ðM31;M32Þ respectively. The higher order equilibrium equation
(21) becomes:
Tsym11;1 þ Tsym12;2 þ
1
2
ðMdev31;1 þMdev32;2Þ;2 ¼ 0; ð45Þ
Tsym21;1 þ Tsym22;2 
1
2
ðMdev31;1 þMdev32;2Þ;1 ¼ 0: ð46Þ
Together with the elastic constitutive relationships and initial/
boundary conditions to be discussed in Sections 4 and 5 respec-
tively, the above equations set a boundary value problem for the
unknown material displacement, dislocation and disclination den-
sity ﬁelds. Following the work of Roy and Acharya (2005) and
Varadhan et al. (2006) in the case of pure dislocations, a mixed
Galerkin-Least Squares algorithm is employed to generate an
approximate ﬁnite element solution. The equilibrium equations
are solved using a Galerkin ﬁnite element scheme,with 16-nodes
complete cubic elements for the interpolation of the displacement
ﬁeld, and 16 Gauss points for the integration. The transport equa-
tions for the dislocation and disclination densities are solved using
a Least-Squares ﬁnite element scheme with bilinear elements for
the interpolation of dislocation and disclination densities, and four
Gauss points for the integration. Note that a cubic element contains
nine bilinear elements such that the displacement, the dislocation
and disclination densities are discretized at the same nodes in the
ﬁnite element mesh.
4. Non local elasticity of crystal defects
In this Section, we focus on describing the elastic properties of
the lattice in the defect core region. As shown in Upadhyay et al.
(2013), both B and D in Eqs. (22) and (23) are null tensors in
isotropic, centro-symmetric media. In the presence of crystal
defects, centro-symmetry is broken and B and D become non-zero.
Similarly, the elastic tensor A is non-zero in the defected regions of
the crystals because the symmetry of the stress tensor is broken
by the ﬂuctuations of the atomic interactions. As alreadymentioned,
the dimensions of the elastic constants in A and ðB;DÞ are respec-
tively that of stress length2 and stress length, indicating both the
presence of internal length scales and the non-locality of the
elastic response. The origin of the non-locality of elasticity lies in
the concurrent presence of disclinations and dislocations in the
lattice, as implied by the deﬁnition of Burgers vector in Eq. (18).
Indeed, the strong variations of the incompatible elastic curvature
tensor within the defected area induce incompatible elastic strains
0e ¼ ðjte  rÞt , which combine with the incompatible elastic strain
e arising from the presence of dislocations. Thus, as implied by
the cross-terms of the elastic tensor D in Eq. (22), stress compo-
nents are induced by the variations of elastic curvature in the
core region of the defects. Further, the corresponding length scale
must be commensurate with the size of the core region. As shown
by Upadhyay et al. (2013), symmetry of the elastic tensors
B and D must hold. Therefore, it is expected that, symmetrically,
the strong variations of the incompatible elastic strain tensor in
the core region result in elastic curvatures j0e ¼ r e=r2
inducing couple stresses through the cross-terms components
in tensor B.
In the present ‘‘edge-wedge’’ model, the inﬁnitesimal displace-
ment du ¼ 0e  dr ¼ ðjte  rÞt  dr arising from an inhomogeneity
of the elastic lattice curvatures ðje31;je32Þ over the vector r ¼ ðr1; r2Þ
in the defected area is:
du1 ¼ 0e11dr1 þ 0e12dr2 ¼ je31r2dr1  je32r2dr2; ð47Þdu2 ¼ 0e21dr1 þ 0e22dr2 ¼ þje31r1dr1 þ je32r1dr2: ð48Þ
Thus we assume Eq. (22) to be:
Tsym11 ¼ C1111e11 þ C1122e22  D1131je31; ð49Þ
Tsym12 ¼ C1212e12 þ C1221e21 þ D1231je31  D1232je32; ð50Þ
Tsym21 ¼ C2112e12 þ C2121e21 þ D2131je31  D2132je32; ð51Þ
Tsym22 ¼ C2211e11 þ C2222e22 þ D2232je32: ð52Þ
Similarly, the inﬁnitesimal rotation dx ¼ j0e  dr ¼ r e  dr=r2
induced by the inhomogeneity of the in-plane elastic strains
ðe21; e22Þ and ðe11; e12Þ produce curvature components ðj0e31;j0e32Þ
respectively
dx3 ¼ 1r2 ðr1
e
21  r2e11Þdr1 þ
1
r2
ðr1e22  r2e12Þdr2 ¼j0e31dr1 þj0e32dr2
ð53Þ
giving rise in turn to couple-stress components ðM31;M32Þ. We
therefore conjecture that Eq. (23) takes the form:
M31 ¼ A3131je31  B3111e11 þ B3112e12 þ B3121e21; ð54Þ
M32 ¼ A3232je32  B3212e12  B3221e21 þ B3222e22: ð55Þ
As already mentioned, the symmetry Bijkl ¼ Dklij of the elasticities
holds (Upadhyay et al., 2013). Thus, for example, D1131 ¼ B3111,
which we may write, using Eqs. (47) and (53): D01131r2 ¼
B03111=r2. Therefore: B03111=D01131 ¼ r2. The same value r2 is obtained
for all B0ijkl=D
0
klij ratios. The distance r ¼ jjrjj is the internal length
scale that sets the characteristic dimension of the area over which
inhomogeneity of the elastic curvatures/strains induces a signiﬁ-
cant stress/couple stress component. Borrowing the estimate pro-
vided in Maranganti and Sharma (2007) for copper from
molecular dynamics calculations, it is given the value r ¼ 0:5 Å.
Hence, the simplest choice for the non-zero components of the elas-
ticity tensors ðA;B;DÞ is Aijkl ¼ lr2;Bijkl ¼ Dklij ¼ lr. Assuming cubic
symmetry of the crystal, the relations C1111 ¼ C2222;C1122 ¼ C2211;
C1221 ¼ C1212 ¼ C2112 ¼ C2121 hold between the components of the
elastic tensor C. The parameter values used for copper are listed
in Table 1.
5. Structure and elastic energy of grain boundaries
In this Section, copper bi-crystals with R37ð610Þ and R5ð310Þ
symmetrical tilt boundaries, of misorientation 18:9 and 36:9
respectively, are simulated. The bi-crystals are free of loads and
periodic boundary conditions on the velocities and defect densities
are used on the vertical boundaries in Figs. 1–10. The mesh size is
0.5Å, the order of the internal length r characterizing nonlocal elas-
ticity in the core of defects. The initial wedge disclination density
ﬁeld is shown in Figs. 1 and 6, superimposed on the relaxed atomic
structure obtained from atomistic calculations in Cahn et al.
(2006). The disclination dipoles are placed at the edges inside the
structural units (delineated by the dotted lines in the ﬁgures).
Their Frank vector X is such that the Burgers vector associated
with the structural units is b ¼ X t, where t is the arm length
of the disclination dipoles (Taupin et al., 2013). The magnitude of
X is found to be approximately 53, which allows for calibrating
Fig. 1. Close-up showing the wedge disclination density ﬁeld h33 (rad/m2) on top of
the relaxed atomic structure of a bicrystal for a R37ð610Þ symmetrical h001i tilt
boundary of misorientation 18:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 3. Close-up showing the shear stress ﬁeld T12 (Pa) on top of the relaxed atomic
structure of a bicrystal for a R37ð610Þ symmetrical h001i tilt boundary of
misorientation 18:9 . Atomic structures were extracted from reference Cahn et al.
(2006).
Fig. 4. Close-up showing the elastic curvature ﬁeld j32 (rad/m) on top of the
relaxed atomic structure of a bicrystal for a R37ð610Þ symmetrical h001i tilt
boundary of misorientation 18:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 5. Close-up showing the elastic energy density ﬁeld (J/m3) on top of the relaxed
atomic structure of a bicrystal for a R37ð610Þ symmetrical h001i tilt boundary of
misorientation 18:9 . Atomic structures were extracted from reference Cahn et al.
(2006).
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Eq. (15). The relaxation by transport of these initial structures
yields energy values very close to the initial ones (a decrease of
about 2% in 0:1 s), which suggests that the assumed initial conﬁg-
urations are also rather close to the actual one.
The lattice is opening at a positive disclination, and closing at a
negative one. Hence, as can be seen in Figs. 2 and 7, dilatations/
contractions are localized at negative/positive disclinations respec-
tively. Contractions tend to pull back atoms in a region where the
lattice tends to open, due to the positive disclination, while dilata-
tions tend to push atoms away from the area where the lattice
tends to close due to the negative disclination. Note that elastic
dilatation/contractions are the order of 20%, leading to tensile
stresses amounting to the elastic shear modulus in copper. Such
large values were reported for the hydrostatic stress in structural
units by atomistic simulations (Sutton and Vitek, 1983). This
dilatation/contraction distribution is in excellent agreement with
that obtained from atomistic simulations. Although the ﬁeld
description reveals previously unseen features such as the
energy stemming from shear deformation (see Figs. 3 and 8)
curvatures (see Figs. 4 and 9), the elastic energy is mostly located
in dilation/contractions regions. As a result, it is very weakly
dependent on the value chosen for the nonlocal characteristic
length r. The corresponding ﬁeld of elastic energy density is shown
in Figs. 5 and 10. In agreement with atomistic simulations, the
energy is localized in the ﬁrst atomic rows composing the grain
boundary and mostly at structural units. By comparing the elastic
ﬁelds of the R37ð610Þ boundary (see Figs. 2–4) to those of the
R5ð310Þ boundary (see Figs. 7–9), it is seen that the energy tends
to be more localized along the interface when the structural units
become closer. Further, the energy is non-uniformly distributed
along the grain boundary and low density areas appear inside
and between the structural units.
The agreement in the energy distribution is further supported
by the comparisons shown in Fig. 11 between our quantitative
predictions of the elastic energy density per unit length of grainFig. 2. Close-up showing elastic dilatation and contraction ﬁeld on top of the
relaxed atomic structure of a bicrystal for a R37ð610Þ symmetrical h001i tilt
boundary of misorientation 18:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 6. Close-up showing the wedge disclination density ﬁeld h33 (rad/m2) on top of
the relaxed atomic structure of a bicrystal for a R5ð310Þ symmetrical h001i tilt
boundary of misorientation 36:9 . Atomic structures were extracted from reference
Cahn et al. (2006).boundary and similar predictions from atomistic simulations and
experimental data (Hasson et al., 1972; Bachurin et al., 2003;
Tschopp et al., 2008). Excellent agreement is found at all
misorientations. High energy levels are reached as soon as the
Fig. 7. Close-up showing the elastic dilatation and contraction ﬁeld on top of the
relaxed atomic structure of a bicrystal for a R5ð310Þ symmetrical h001i tilt
boundary of misorientation 36:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 8. Close-up showing the shear stress ﬁeld T12 (Pa) on top of the relaxed atomic
structure of a bicrystal for a R5ð310Þ symmetrical h001i tilt boundary of misori-
entation 36:9 . Atomic structures were extracted from reference Cahn et al. (2006).
Fig. 9. Close-up showing the elastic curvature ﬁeld j32 (rad/m) on top of the
relaxed atomic structure of a bicrystal for a R5ð310Þ symmetrical h001i tilt
boundary of misorientation 36:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 10. Close-up showing the elastic energy density ﬁeld (J/m3) on top of the
relaxed atomic structure of a bicrystal for a R5ð310Þ symmetrical h001i tilt
boundary of misorientation 36:9 . Atomic structures were extracted from reference
Cahn et al. (2006).
Fig. 11. Elastic energy density per unit length of h001i tilt boundaries in copper, as a
function of misorientation. Blue circles: present work, red squares/green triangles:
experimental estimates/molecular statics predictions from Hasson et al. (1972),
purple diamonds: molecular statics predictions from Tschopp et al. (2008). (For
interpretation of the references to color in this ﬁgure caption, the reader is referred
to the web version of this article.)
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tends to occur at high misorientations. Remarkably, energy cusps
are obtained for the R5ð310Þ and R5ð210Þ boundaries of
misorientation 36:9 and 53:1, respectively, in agreement with
experimental data and atomistic predictions. These cusps reﬂect
self-screening of the elastic ﬁelds and partial annihilation of adja-
cent wedge disclination dipoles taking place when their separation
distance becomes too small.
6. Discussion
The current understanding of continuum mechanics is that the
assumption of continuity of the ﬁeld variables is no longer valid at
nanoscale and below, when the discrete atomistic nature of matterbecomes apparent. Thus, it is generally believed that continuum
mechanics fails to adequately capture the physical phenomena at
the level of a few lattice spacings. In our opinion, the present
results demonstrate instead that an appropriate, nonlocal contin-
uum description involving ﬁelds of displacement and crystal defect
densities that are smooth over a length scale of interatomic spacing
can be adequate for the purpose of describing such phenomena,
and may usefully complement atomistic representations.
Using a continuous approach at length scales below the elemen-
tary lattice parameters is certainly meaningful from the point of
view of the differential geometry of continua. A continuous
description of lattice defects may be considered as more attractive
than discrete approaches for various reasons. First, (i), smoothness
is desirable from the point of view of mathematical analysis and
numerical computation, and because it allows coping with core
properties. Indeed, when viewed at a sufﬁciently small scale, lat-
tice defects and the corresponding distributions of elastic strain
and energy are better described by suitably localized smooth den-
sity ﬁelds than by a singularity. Further interest, (ii), in considering
continuous density ﬁelds to model crystal defect ensembles arises
from the structure of their conservation laws, i.e., Eqs. (28) and (29)
in the present paper. Unquestionable from a kinematic point of
view, the latter naturally provide a rational framework for the
dynamics of defects. In the present work, this feature is used to
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dislocation/disclination density ﬁelds. Because it uses such variables,
the present theory is nonlocal in space and time in the standard
variables of conventional continuum mechanics. Thus it provides
nonlocal generalization of the latter, leading to well-posed prob-
lems in dislocation and disclination dynamics. In addition, (iii), this
approach has a potential for computational efﬁciency because it
does not have to resolve atomic vibrations. The kinetic energy of
atomic and subatomic vibrations is time-averaged over periods of
microseconds, and characterized as dissipation. Thus, by time
coarse-graining, we exchange the atoms and their fast vibrations
with the dissipative evolution of smooth dislocation/disclination
density ﬁelds embedded in an elastic continuum. As a result, ﬁnite
element simulations may allow considering the dynamics of crys-
tal defects over time scales in the ls or more, under realistic load-
ing rates and stresses.
Finally, (iv), a continuous approach of crystal defects at nano-
scale like the present one provides a natural basis for the deriva-
tion of a continuous theory of crystal defect ensembles at
mesoscale through appropriate averaging techniques. In effect,
the structure of such a coarse-grained theory can be derived by
deﬁning space–time averaged ﬁeld variables as weighted, running
averages of the corresponding nanoscopic ﬁeld variables over a do-
main whose scale is determined by the desired spatial and tempo-
ral resolution (Babic, 1997; Acharya and Roy, 2006). This will be
the object of a forthcoming paper but, based on previous work
(Fressengeas et al., 2012), several features can be anticipated that
help understand implications of the present results at nanoscale
on the structure of an averaged theory whose resolution length
scale is too large to resolve grain boundaries. Firstly, the averaged
plastic strain/curvature rates deﬁned in the coarse-graining
process involve not only the averaged strain/curvature rates
associated with the motion of signed defects (‘‘polar’’ or ‘‘excess’’
dislocations/disclinations) (26) and (27), but also the strain/curvature
rates ðDp; _KpÞ associated with statistical dislocation/disclination
densities of no net sign. Among the latter, Dp is the plastic strain
rate of standard crystal plasticity and _Kp is the ‘‘gradient’’ of plastic
rotation rate @Xp=@x. Secondly, the conservation of the Frank and
Burgers vectors imply jump conditions on the mesoscopic plastic
curvature rate and strain rate respectively at grain boundaries,
not seen anymore as continua beyond a certain resolution length
scale but as surfaces of discontinuity. In particular, in the simple
case of a material surface of discontinuity not moving with respect
to the material, these conditions are:
½ _jp þ _Kp  n ¼ 0; ð56Þ½ _p þ Dp  n ¼ 0; ð57Þ
where ½f  represents the jump of the argument f at the surface of
discontinuity as deﬁned conventionally and n is the unit normal
to the surface, with arbitrarily chosen orientation (Fressengeas
et al., 2012). The conditions (56) and (57) imply that the incremen-
tal plastic tangential rotation and displacement are continuous at
the surface of discontinuity. When the resolution length scale
becomes large enough: _jp ¼ 0; _p ¼ 0 and the averaged theory
reduces to crystal plasticity. However, appending the residual tan-
gential continuity conditions ½ _Kp  n ¼ 0; ½Dp  n ¼ 0 to the latter
makes this conventional theory nonlocal, as limiting values of ﬁelds
from the two sides of the surface of discontinuity are required to
have some relationship. Such a non-locality is expected to affect
the distribution of plastic strain rate and rotation rate in the vicinity
of grain boundaries (see Richeton et al. (2011) in the case of pure
dislocations). Hence, grain-to-grain interactions are modeled, which
allowed retrieving size effects and loading path-dependency in
particle-reinforced alloys (Richeton et al., 2011), even though thefeatures of grain boundary in relation with the non-locality of
elasticity are lost in the coarse-graining process, because their
characteristic length-scale is much too small to be perceived at this
scale of resolution.
7. Conclusions
The elasto-plastic theory of crystal defect ﬁelds (disclinations
and dislocations) (Fressengeas et al., 2011) was used to describe
in a continuous manner the structure of symmetrical h001i tilt
boundaries in copper, in terms of elastic strain, curvature and en-
ergy density ﬁelds. Non-locality of the elastic response arises from
the breaking of lattice symmetry that results from the ﬂuctuations
of inter-atomic forces in the core region of the boundaries. The cor-
responding characteristic length scale was borrowed from inde-
pendent atomistic calculations (Maranganti and Sharma, 2007).
Consistently, its very small value, 0:5 Å, implies that non-locality
is restricted to the defects core region. Initial conﬁgurations of
the tilt boundaries were built from periodic wedge-disclination di-
pole arrays deﬁned after their atomistic topography, and allowed
to relax by transport in their own stress and couple stress ﬁelds un-
til their elastic energy stabilizes. The numerical results on grain
boundary energy and structure at nanoscale obtained from ﬁnite
element approximations of the theory compared remarkably well
with atomistic and experimental data at all misorientations. They
were found to be very weakly dependent on the characteristic non-
local length scale (which, as a consequence, cannot play the role of
a ﬁtting parameter), because the latter essentially governs the con-
stitutive relations elastic curvature-stress and strain-couple stress
and has very little consequences on the elastic energy level.
The fundamental reason for the ability of the present frame-
work at describing physical properties at nanoscale is nevertheless
the non-locality of the elastic response in the core region of the
boundaries. From a stationary point of view, the latter is implied
by the concurrent contributions to lattice incompatibility of dislo-
cations and disclinations. From a kinetic perspective, nonlocal elas-
ticity plays a central role in securing a driving force for the motion
of disclination dipoles. In the present work, this property allows for
the relaxation of arbitrary initial disclination density distributions
in their self stress and couple stress ﬁelds, and for the eventual
emergence of a self-organized dipolar structure with lower energy
level. Remarkably, in the context of plasticity mediated by grain
boundary mechanisms, it is central in providing the driving force
for shear coupled grain boundary migration, as shown in Taupin
et al. (2014). It is interesting to note that accounting for the nonlin-
earity of elasticity does not appear to be as essential as considering
its nonlocal character. Although elastic dilatations as high as 20%
are found in the present calculations, using linear elasticity does
not prevent from accurately retrieving the distribution of elastic
energy of the grain boundary and its overall value. However,
accounting for nonlinear elasticity in the disclination cores would
most probably reveal features of the core regions unseen in this
work.
The present ﬁeld approach of nanoscale phenomena in defected
crystals has a potential for computational efﬁciency because it
does not have to resolve atomic vibrations. The kinetic energy of
atomic and subatomic vibrations is time-averaged over periods of
microseconds, and characterized as dissipation. Therefore, ﬁnite
element simulations allow considering the dynamics of the crystal
defect ensembles over time scales in the ls or more, under realistic
loading rates and stresses.
Finally, the present ﬁeld approach at nanoscale provides a
natural basis for ﬁeld modeling of polycrystals at mesoscale
through appropriate averaging techniques. In the averaging
process, the grain boundaries cease to be considered as continua
beyond a certain resolution length scale and, from this point, are
C. Fressengeas et al. / International Journal of Solids and Structures 51 (2014) 1434–1441 1441viewed as surfaces of discontinuity. The nonlocal properties of
elasticity in the core region are then lost by the averaged theory,
but tangential continuity conditions on plastic curvature and strain
rate at grain boundaries emerge from coarse-graining that still
confer nonlocal character to the theory.
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